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NON-LANDING PARAMETER RAYS OF THE MULTICORNS
HIROYUKI INOU AND SABYASACHI MUKHERJEE
Abstract. It is well known that every rational parameter ray of the Mandel-
brot set lands at a single parameter. We study the rational parameter rays
of the multicorn M∗
d
, the connectedness locus of unicritical antiholomorphic
polynomials of degree d, and give a complete description of their accumulation
properties. One of the principal results is that the parameter rays accumulat-
ing on the boundaries of odd period (except period 1) hyperbolic components
of the multicorns do not land, but accumulate on arcs of positive length con-
sisting of parabolic parameters.
We also show the existence of undecorated real-analytic arcs on the bound-
aries of the multicorns, which implies that the centers of hyperbolic compo-
nents do not accumulate on the entire boundary of M∗
d
, and the Misiurewicz
parameters are not dense on the boundary of M∗
d
.
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1. Introduction
We consider unicritical antiholomorphic polynomials fc(z) = z
d+c for any degree
d ≥ 2, and c ∈ C. In analogy to the holomorphic case, the set of all points which
remain bounded under all iterations of fc is called the filled-in Julia set K(fc).
The boundary of the filled-in Julia set is defined to be the Julia set J(fc), and the
complement of the Julia set is defined to be its Fatou set F (fc). This leads, as in
the holomorphic case, to the notion of connectedness locus of degree d unicritical
antiholomorphic polynomials:
Definition. The multicorn of degree d is defined as M∗d = {c ∈ C : K(fc) is
connected}.
The dynamics of quadratic antiholomorphic polynomials, and its connectedness
locus, M∗2 (also known as the tricorn), was first studied in [CHRC89], and their
numerical experiments showed differences between the Mandelbrot set and the tri-
corn in that there are bifurcations from the period 1 hyperbolic component to
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period 2 hyperbolic components along arcs in the latter. However, it was Mil-
nor who first observed the importance of the multicorns; he found little tricorn
and multicorn-like sets as prototypical objects in the parameter space of real cubic
polynomials [Mil92] and in the real slices of rational maps with two critical points
[Mil00]. Nakane [Nak93] proved that the tricorn is connected, in analogy to Douady
and Hubbard’s classical proof on the Mandelbrot set. This generalizes naturally
to multicorns of any degree. Later, Nakane and Schleicher, in [NS03], studied the
structure of hyperbolic components of M∗d via the multiplier map (even period
case), and the critical value map (odd period case). These maps are branched
coverings over the unit disk of degree d − 1 and d + 1 respectively, branched only
over the origin. Hubbard and Schleicher [HS14] proved that the multicorns are not
pathwise connected, confirming a conjecture of Milnor. Recently, in an attempt to
explore the topological aspects of the parameter spaces of unicritical antiholomor-
phic polynomials, the combinatorics of external dynamical rays of such maps were
studied in [Muk15] in terms of orbit portraits, and this was used in [MNS14] where
the bifurcation phenomena, boundaries of odd period hyperbolic components, and
the combinatorics of parameter rays were described. In [Ino14, IM15], we study
the ‘universality’ property of the multicorns, and give a precise explanation for the
existence of ‘baby multicorns’ in the multicorns, and in the parameter space of real
cubic polynomials. The main results of [IM15] show that the straightening map
from a ‘baby multicorn’, either in multicorns of even degree or in the real cubic
locus, to the original multicorn is discontinuous. A computer-assisted proof of this
phenomenon for a particular period 3 baby tricorn has been given in [Ino14]. These
are the first known examples where the straightening map fails to be continuous on
a real two-dimensional slice of a holomorphic family of holomorphic polynomials.
The proof of discontinuity of the straightening map in [IM15] is carried out by
showing that all non-real umbilical cords of the multicorns wiggle, which general-
izes a theorem of [HS14], and settles a conjecture made by various people including
Hubbard, Inou, Milnor and Schleicher.
The combinatorics and topology of the multicorns differ in many ways from
those of their holomorphic counterparts, the multibrot sets, which are the connect-
edness loci of degree d unicritical polynomials. At the level of combinatorics, this is
manifested in the structure of orbit portraits [Muk15, Theorem 2.6, Theorem 3.1].
The topological features of the multicorns have quite a few properties in common
with the connectedness locus of real cubic polynomials, e.g. discontinuity of landing
points of dynamical rays, bifurcation along arcs, existence of real-analytic curves
containing q.c.-conjugate parabolic parameters, lack of local connectedness of the
connectedness loci etc. [Lav89], [KN04], [HS14, Corollary 3.7], [MNS14, Theorem
3.2, Theorem 6.2]. These are in stark contrast with the multibrot sets.
One of the main purposes of this paper is to give a complete description of the
landing/accumulation properties of the rational parameter rays ofM∗d (see Theorem
4.2). The landing of rational parameter rays of the Mandelbrot set is related to
the fact that the parabolic parameters with given combinatorics are isolated in the
Mandelbrot set [GM93, Theorem C.7], [Sch00, Proposition 3.1]. This remains true
for even period parabolics of the multicorns. Hence, if the accumulation set of a
parameter ray Rdt ofM
∗
d contains a parameter c having an even-periodic parabolic
cycle, then it lands at a single point. This statement was proved in [MNS14, Lemma
7.2]. But the odd periodic parabolic parameters of the multicorns are far from
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Figure 1. Left: Landing of the parameter rays at fixed angles on
parabolic arcs containing undecorated sub-arcs. Right: Non-trivial
accumulation of a parameter ray at an odd-periodic angle.
being isolated, there are real-analytic arcs of combinatorially equivalent parabolic
parameters of any given odd period. This, at least heuristically, tells that there is
no good reason for a parameter ray to land at a single point of a parabolic arc,
unless it does so for some symmetry reasons. The following theorem confirms this
heuristics (compare Figure 1).
Theorem 1.1 (Non-Landing Parameter Rays). The accumulation set of every pa-
rameter ray accumulating on the boundary of a hyperbolic component of odd period
(except period one) of M∗d contains an arc of positive length.
The wiggling behavior is stated precisely, and proved in Section 3. Its proof
is based on the analysis of certain geometric properties of the repelling Fatou co-
ordinates, and transferring them to the parameter plane by a perturbation argu-
ment. Section 4 gives a complete description of which rational parameter rays of
the multicorns land, and which ones have this wiggling property, in terms of the
combinatorics of the angle.
It is worth noting that non-trivial accumulation of some stretching rays in the
parameter space of real cubic polynomials was proved by Nakane and Komori in
[KN04] by different methods. It has been empirically observed that there are infin-
itely many small tricorn-like sets in the parameter space of real cubic polynomials.
Our techniques can be naturally generalized to these small tricorn-like sets (of
course, these need to be defined rigorously) yielding the non-trivial accumulation
of the stretching rays that approach the parabolic arcs on the boundaries of these
small tricorn-like sets. More generally, one expects the existence of tricorn-like sets
in any family of polynomials or rational maps with (at least) two critical orbits
such that a pair of critical orbits are symmetric with respect to an antiholomorphic
involution. In a recent unpublished manuscript [BBM15], Bonifant, Buff, and Mil-
nor studied the parameter space of antipode preserving cubic rational maps, and
one can observe many tricorn-like sets appearing there.
In the last section, we will study another topological property of the multicorns.
In [HS14], it was asked whether the parabolic arcs of the multicorns can contain
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undecorated sub-arcs. More precisely, we say that a parabolic arc C on the boundary
of a hyperbolic component H of odd period ofM∗d contains an undecorated sub-arc
if there exists a parameter c lying on C ⊂ ∂H , and an open neighborhood U of c
such that U \H is contained in the complement of M∗d; i.e. (U \H) ∩M
∗
d = ∅. In
section 5, we answer this question affirmatively by showing that:
Theorem 1.2 (Undecorated Arcs on The Boundary). For d ≥ 2, every period 1
parabolic arc of M∗d contains an undecorated sub-arc.
Once again, the key idea is to transfer a geometric property of the repelling Ecalle
cylinder to the parameter plane using perturbation techniques. There are some
interesting consequences of the previous theorem. One of them is that the centers
of hyperbolic components as well as the Misiurewicz parameters (with strictly pre-
periodic critical points) are not dense on the boundary ofM∗d (Corollary 5.1). This
is another item in the list of the topological differences between the multicorns and
the multibrot sets. The fact that the centers of hyperbolic components (or the
Misiurewicz parameters) are dense on the boundaries of the multibrot sets follows
by an easy application of Montel’s theorem.
We would like to thank Adam Epstein for many helpful discussions. Special
thanks go to Dierk Schleicher for his useful suggestions to improve the original
manuscript, and for allowing us to reproduce one of the figures from [HS14]. The
second author gratefully acknowledges the support of Deutsche Forschungsgemein-
schaft DFG during this work.
2. Parabolic Points in Antiholomorphic Dynamics
In this section, we briefly recall some known results on antiholomorphic dynamics
and their parameter spaces, which we will have need for in the rest of the paper.
The next result was proved by Nakane (see [Nak93]).
Theorem 2.1 (Real-Analytic Uniformization). The map Φ : C \ M∗d → C \ D,
defined by c 7→ φc(c) (where φc is the Bo¨ttcher coordinate near∞ for fc, normalized
so that it is tangent to the identity at ∞) is a real-analytic diffeomorphism. In
particular, the multicorns are connected.
The previous theorem also allows us to define parameter rays of the multicorns.
Definition (Parameter Ray). The parameter ray at angle θ of the multicorn M∗d,
denoted by Rdθ , is defined as {Φ
−1(re2piiθ) : r > 1}, where Φ is the real-analytic
diffeomorphism from the exterior of M∗d to the exterior of the closed unit disc in
the complex plane constructed in Theorem 2.1.
Remark. Some comments should be made on the definition of the parameter rays.
Observe that unlike the multibrot sets, the parameter rays of the multicorns are
not defined in terms of the Riemann map of the exterior. In fact, the Riemann
map of the exterior ofM∗d has no obvious dynamical meaning; we have defined the
parameter rays via a dynamically defined diffeomorphism of the exterior of M∗d.
Note that since the second iterate of fc(z) = z
d + c is the holomorphic polynomial
f◦2c (z) = (z
d + c)d + c, the family {fc}c∈C sits as the real two-dimensional slice
a = b in the holomorphic family of polynomials {(zd + a)d + b}a,b∈C. It is now
easy to check that our definition of parameter rays of the multicorns agrees with
the notion of stretching rays (compare [Tan06, KN04]) in the family of polynomials
{(zd + a)d + b}a,b∈C.
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One of the main features of the antiholomorphic parameter spaces is the existence
of abundant parabolics. In particular, the boundaries of odd period hyperbolic
components of the multicorns consist only of parabolic parameters.
Lemma 2.2 (Indifferent Dynamics of Odd Period). The boundary of a hyperbolic
component of odd period k consists entirely of parameters having a parabolic orbit
of exact period k. In appropriate local conformal coordinates, the 2k-th iterate of
such a map has the form z 7→ z + zq+1 + . . . with q ∈ {1, 2}.
Proof. See [MNS14, Lemma 2.8]. 
This leads to the following classification of odd periodic parabolic points.
Definition (Parabolic Cusps). A parameter c will be called a cusp point if it has
a parabolic periodic point of odd period such that q = 2 in the previous lemma.
Otherwise, it is called a simple parabolic parameter.
In holomorphic dynamics, the local dynamics in attracting petals of parabolic
periodic points is well-understood: there is a local coordinate ζ which conjugates the
first-return dynamics to the form ζ 7→ ζ+1 in a right half place (see Milnor [Mil06,
Section 10]. Such a coordinate ζ is called a Fatou coordinate. Thus the quotient of
the petal by the dynamics is isomorphic to a bi-infinite cylinder, called the Ecalle
cylinder. Note that Fatou coordinates are uniquely determined up to addition by
a complex constant.
In antiholomorphic dynamics, the situation is at the same time restricted and
richer. Indifferent dynamics of odd period is always parabolic because for an indif-
ferent periodic point of odd period k, the 2k-th iterate is holomorphic with positive
real multiplier, hence parabolic as described above. On the other hand, additional
structure is given by the antiholomorphic intermediate iterate.
Lemma 2.3 (Fatou Coordinates). Suppose z0 is a parabolic periodic point of odd
period k of fc with only one petal (i.e. c is not a cusp), and U is a periodic Fatou
component with z0 ∈ ∂U . Then there is an open subset V ⊂ U with z0 ∈ ∂V ,
and f◦kc (V ) ⊂ V so that for every z ∈ U , there is an n ∈ N with f
◦nk
c (z) ∈ V .
Moreover, there is a univalent map ψ : V → C with ψ(f◦kc (z)) = ψ(z) + 1/2, and
ψ(V ) contains a right half plane. This map ψ is unique up to horizontal translation.
Proof. See [HS14, Lemma 2.3]. 
The map ψ will be called an antiholomorphic Fatou coordinate for the petal
V . The antiholomorphic iterate interchanges both ends of the Ecalle cylinder, so
it must fix one horizontal line around this cylinder (the equator). The change of
coordinate has been so chosen that the equator is the projection of the real axis. We
will call the vertical Fatou coordinate the Ecalle height. Its origin is the equator.
Of course, the same can be done in the repelling petal as well. The existence of
this distinguished real line, or equivalently an intrinsic meaning to Ecalle height, is
specific to antiholomorphic maps.
The Ecalle height of the critical value plays a special role in antiholomorphic
dynamics. The next theorem proves the existence of real-analytic arcs of non-cusp
parabolic parameters on the boundaries of odd period hyperbolic components of
the multicorns.
6 H. INOU AND S. MUKHERJEE
Theorem 2.4 (Parabolic arcs). Let c0 be a parameter such that fc0 has a parabolic
orbit of odd period, and suppose that c0 is not a cusp. Then c0 is on a parabolic
arc in the following sense: there exists a real-analytic arc of non-cusp parabolic pa-
rameters c(t) (for t ∈ R) with quasiconformally equivalent but conformally distinct
dynamics of which c0 is an interior point, and the Ecalle height of the critical value
of fc(t) is t.
Proof. See [MNS14, Theorem 3.2]. 
Following [MNS14], we classify parabolic arcs into two types.
Definition (Root Arcs and Co-Root Arcs). We call a parabolic arc a root arc if,
in the dynamics of any parameter on this arc, the parabolic orbit disconnects the
Julia set. Otherwise, we call it a co-root arc.
The structure of the hyperbolic components of odd period plays an important role
in the global topology of the parameter spaces. Let H be a hyperbolic component
of odd period k 6= 1 (with center c˜) of the multicorn M∗d. The first return map of
the closure of the characteristic Fatou component of c˜ fixes exactly d+ 1 points on
its boundary. Only one of these fixed points disconnects the Julia set, and is the
landing point of two distinct dynamical rays at 2k-periodic (under multiplication
by t 7→ −dt (mod 1)) angles. Let the set of the angles of these two rays be
S′ = {α1, α2}. Each of the remaining d fixed points is the landing point of precisely
one dynamical ray at a k-periodic (under multiplication by t 7→ −dt (mod 1))
angle; let the collection of the angles of these rays be S = {θ1, θ2, · · · , θd}. We can,
possibly after renumbering, assume that 0 < α1 < θ1 < θ2 < · · · < θd < α2, and
α2 − α1 <
1
d
.
By [MNS14, Theorem 1.2], ∂H is a simple closed curve consisting of d+ 1 par-
abolic arcs, and the same number of cusp points such that every arc has two cusp
points at its ends. Exactly 1 of these d+1 parabolic arcs is a root arc, and the pa-
rameter rays at angles α1 and α2 accumulate on this arc. The rest of the d parabolic
arcs are co-root arcs, and each of them contains the accumulation set of exactly
one Rdθi . Furthermore, the rational lamination remains constant throughout the
closure of the hyperbolic component H except at the cusp points.
The main technical tool used in the proof of the non-trivial accumulation of
parameter rays is the perturbation of antiholomorphic parabolic points. We now
briefly recall the concepts of near-parabolic antiholomorphic Fatou coordinates and
the transit map. Our discussion will roughly follow [HS14, §4]. The technique of
perturbation of antiholomorphic parabolic points will allow us to transfer informa-
tion from the dynamical planes to the parameter plane. A more general account
on the theory of perturbation of parabolic points can be found in [Dou94, Shi00].
For the rest of this section, we will assume that c is a non-cusp parabolic pa-
rameter of odd period k lying on a parabolic arc C on the boundary of a hyperbolic
component H (of period k). All of our discussions will concern the characteris-
tic parabolic point of fc. We will denote an attracting petal of fc by V
in
c , and a
repelling petal of fc by V
out
c . There exists an open neighborhood U of c (in the
parameter plane) such that for all c′ ∈ U− := U \H, the characteristic parabolic
point splits into two simple periodic points, and the perturbed Fatou coordinates
can be followed throughout U−. More precisely, for c′ ∈ U−, there exist an incom-
ing domain V inc′ , and an outgoing domain V
out
c′ (such that they are disjoint) having
the two simple periodic points on their boundaries. There exists a curve joining the
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two simple periodic points, which we call the “gate”, such that the points in the
incoming domain eventually transit through the gate, and escape to the outgoing
domain (as shown in Figure 2). Furthermore, there exist injective holomorphic maps
ψinc′ : V
in
c′ → C, and ψ
out
c′ : V
out
c′ → C such that ψ
in
c′ (f
◦2k
c′ (z)) = ψ
in
c′ (z) + 1, whenever
z and f◦2kc′ (z) are both in V
in
c′ (and the same is true for ψ
out
c′ ). Since the map f
◦k
c′
commutes with f◦2kc′ , it induces antiholomorphic self-maps from C
in
c′ := V
in
c′ /f
◦2k
c′
(respectively Coutc′ := V
out
c′ /f
◦2k
c′ ) to itself. As f
◦k
c′ interchanges the two periodic
points at the ends of the gate, it interchanges the ends of the cylinders, so it must
fix a (necessarily unique) closed geodesic in the cylinders C/Z. This is similar to
the situation at the parabolic parameter c, so we will call this invariant geodesic the
equator. As for the parabolic parameter c, we will choose our Fatou coordinates
such that they map the equators to the real line. Thus we can again define Ecalle
height as the imaginary part in these Fatou coordinates. We will denote the Ecalle
height of a point z ∈ C
in/out
c′ by E(z).
We need to normalize our Fatou coordinates (recall that after we decide that the
Fatou coordinate maps the equator to the real line, we are left with one real additive
degree of freedom of the Fatou coordinate). We can choose two continuous functions
a, b : U− → C such that a(c′) (respectively b(c′)) lies on the incoming (respectively
outgoing) equator in V inc′ (respectively in V
out
c′ ), for all c
′ ∈ U−. We can normalize
ψinc′ and ψ
out
c′ by the requirements ψ
in
c′ (a(c
′)) = 0 and ψoutc′ (b(c
′)) = 0, and assume
that ψoutc′ (V
out
c′ ) contains the vertical bi-infinite strip [0, 1] × R. . With these
normalization, we have that (c′, z) 7→ ψinc′ (z) and (c
′, z) 7→ ψoutc′ (z) are continuous
functions on the open sets V in := {(c′, z) : z ∈ V inc′ } and V
out := {(c′, z) : z ∈ V outc′ }
(respectively) in U− × C (for c′ ∈ ∂H ∩ U−, ψinc′ and ψ
out
c′ are respectively the
attracting and repelling Fatou coordinates for fc′ as in Lemma 2.3) [Dou94, §17].
It follows that for every c′ ∈ U−, the quotients C inc′ := V
in
c′ /f
◦2k
c′ and C
out
c′ :=
V outc′ /f
◦2k
c′ (the quotients of V
in
c′ and V
out
c′ by the dynamics, identifying points that
are on the same finite orbits entirely in V inc′ or in V
out
c′ ) are complex cylinders
isomorphic to C/Z. The isomorphisms are given by Fatou coordinates which depend
continuously on the parameter throughout U−.
Figure 2. The typical dynamical picture after perturbation of the
parabolic point (Figure courtesy Dierk Schleicher).
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For c′ ∈ U−, the incoming and the outgoing cylinders are isomorphic to each
other by a natural biholomorphism, namely f◦2kc′ . This isomorphism is called the
“transit map”, and is denoted by Tc′ . The transit map clearly depends continuously
on the parameter c′ ∈ U−. It maps the fixed geodesic of the incoming cylinder to
the fixed geodesic of the outgoing cylinder, and preserves the upper (respectively
lower) ends of the cylinders. Thus it must preserve Ecalle heights. The existence
of this special isomorphism allows us to relate the Ecalle heights of points in the
incoming and the outgoing cylinders, and is one of the principal tools in our study.
Finally, we are in a position to state the key technical lemma that helps us to
transfer dynamical information at a parabolic parameter to the parameter plane.
One can define the disjoint unions :
C in =
⊔
c′∈U−
C inc′ , and C
out =
⊔
c′∈U−
Coutc′ .
We topologize C in and Cout by requiring the following trivializing maps Θin and
Θout to be homeomorphisms:
Θin : C in → U− × C/Z
C inc′ ∋ z 7→ (c
′, ψinc′ (z))
Θout : Cout → U− × C/Z
Coutc′ ∋ z 7→ (c
′, ψoutc′ (z))
Thus, C in and Cout are topologically trivial bundles over U− with fibers iso-
morphic to C/Z. Moreover, the representative of a(c′) (respectively b(c′)) in C inc′
(respectively in Coutc′ ) corresponds to the origin in C/Z. Note that C/Z is equipped
with a dynamically marked circle R/Z, which corresponds to the image of the
equator under the Fatou coordinate. Choose a smooth curve s 7→ c(s) in U (in
parameter space), parametrized by s ∈ [0, δ] for some δ > 0, with c(0) = c and
c(s) ∈ U− for s > 0. Choose a smooth curve s 7→ ζ(s) (in the dynamical planes,
typically the critical value), also defined for s ∈ [0, δ] such that ζ(s) ∈ V in
c(s) for all
s ∈ [0, δ]. Then s 7→ ζ(s) induces a map σ : [0, δ] → C in with σ(s) ∈ C inc(s). The
following was proved in [HS14, Proposition 4.8].
Lemma 2.5 (Limit of Perturbed Fatou Coordinates). The curve γ := s 7→ Tc(s)(σ(s))
in Cout, parametrized by s ∈ (0, δ], spirals as s ↓ 0 towards the circle in Coutc at
Ecalle height E(σ(0)).
Before giving a formal proof of the lemma, let us explain its intuitive meaning.
We define the phase to be a continuous lift φ˜ : (0, δ]→ R of
φ : (0, δ]→ R/Z
s 7→ ℜ(pi2(Θ
out(γ(s)))).
As s tends to 0, i.e. as we march closer to the parabolic parameter c, ζ(s) ∈ V in
c(s)
in the dynamical plane of c(s) takes larger and larger number of iterates to pass
through the gate. In other words, the number of fundamental domains that ζ(s)
has to cross in order to escape through the gate tends to +∞, as s tends to 0.
This implies that the phase φ˜(s) goes to −∞ as s tends to 0, and the image of γ
accumulates exactly on the circle on Coutc at Ecalle height E(σ(0)).
Proof. We first need to choose a continuous lift φ˜ : (0, δ] → R of φ. For s ∈ (0, δ],
let Ns be the least integer such that α(s) := f
◦2kNs
c(s) (ζ(s)) lies in V
out
c(s), and satisfies
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ℜ(ψout
c(s)(α(s))) ≥ 0. For any fixed n, f
◦2kn
c(s) (ζ(s)) → f
◦2kn
c (ζ(0)) as s → 0. But in
the dynamical plane of fc, the forward orbit of ζ(0) under f
◦2k
c forever lives in the
attracting petal V in
c(0). Since α(s) /∈ V
in
c(s), this implies that Ns → +∞ as s→ 0.
We can now choose φ˜ to be
(0, δ] ∋ s 7→ ℜ(ψoutc(s)(α(s))) −Ns.
In fact, s 7→ ℜ(ψoutc(s)(α(s))) has infinitely many jump discontinuities, but subtract-
ing Ns makes it continuous.
By our normalization of Fatou coordinates, ℜ(ψoutc(s)(α(s))) ∈ [0, 1). It now follows
that φ˜(s)→ −∞ as s→ 0.
The fact that the image of γ accumulates exactly on the circle on Coutc at Ecalle
height E(σ(0)) follows from the continuity of the Fatou coordinates (in particular,
from the continuity of Ecalle height) and the fact that the transit map preserves
Ecalle heights. 
We will conclude this section with an analysis of some special properties of horn
maps in the antiholomorphic setting. Once again, we exploit the symmetry between
the upper and lower ends of the Ecalle cylinders provided by the antiholomorphic
return map. For the sake of completeness, we include the basic definitions and
properties of horn maps. More comprehensive accounts on these ideas can be found
in [BE02, §2].
The characteristic parabolic point zc (say) of fc has exactly two petals, one at-
tracting and one repelling (denoted by Patt and Prep respectively). The intersection
of the two petals has two connected components. We denote by U+ the connected
component of Patt ∩Prep whose image under the Fatou coordinates is contained in
the upper half-plane, and by U− the one whose image under the Fatou coordinates
is contained in the lower half-plane. We define the “sepals” S± by
S± =
⋃
n∈Z
f◦2nkc (U
±)
Note that each sepal contains a connected component of the intersection of the at-
tracting and the repelling petals, and they are invariant under the first holomorphic
return map of the parabolic point. The attracting Fatou coordinate ψatt (respec-
tively the repelling Fatou coordinate ψrep) can be extended to Patt ∪ S+ ∪ S−
(respectively to Prep ∪ S+ ∪ S−) such that they conjugate the first holomorphic
return map to the translation ζ 7→ ζ + 1.
Definition (Lifted horn maps). Let us define V − = ψrep(S−), V + = ψrep(S+),
W− = ψatt(S−) and W+ = ψatt(S+). Then, denote by H−c : V
− → W− the
restriction of ψatt ◦ψ−1rep to V
− and by H+c : V
+ →W+ the restriction of ψatt ◦ψ−1rep
to V +. We refer to H±c as lifted horn maps for fc at zc.
The regions V ± and W± are invariant under translation by 1. Moreover, the
asymptotic development of the Fatou coordinates implies that the regions V + and
W+ contain an upper half-plane, whereas the regions V − and W− contain a lower
half-plane. Consequently, under the projection pi : ζ 7→ w = exp(2ipiζ), the regions
V + and W+ project to punctured neighborhoods V+ and W+ of 0, whereas V −
and W− project to punctured neighborhoods V− and W− of ∞.
The lifted horn maps H±c satisfy H
±
c (ζ + 1) = H
±
c (ζ) + 1 on V
±. Thus, they
project to mappings h±c : V
± →W± such that the following diagram commutes:
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V ±
H±c−−−−→ W±ypi ypi
V±
h±c−−−−→ W±
Definition (Horn Maps). The maps h±c are called horn maps for fc at zc.
It is well-known that ∃ ηc, η′c ∈ C such that H
+
c (ζ) ≈ ζ + ηc when ℑ(ζ) →
+∞, and H−c (ζ) ≈ ζ + η
′
c when ℑ(ζ) → −∞. This proves that h
+
c (w) → 0 as
w → 0. Thus, the horn map h+c extends analytically to 0 by h
+
c (0) = 0. One can
show similarly that the horn map h−c extends analytically to ∞ by h
−
c (∞) = ∞.
Observe that the constants ηc and ηc′ are, in general, not well-defined as they
depend on particular normalizations of the Fatou coordinates. However, in the
antiholomorphic situation, we can and will choose the normalizations of Fatou
coordinates described in Lemma 2.3, and these Fatou coordinates conjugate the
first (antiholomorphic) return map in both petals to ζ 7→ ζ + 1/2. This choice
involves an adjustment of the vertical degree of freedom of the Fatou coordinates.
Consequently, the two lifted horn maps H+c and H
−
c are conjugated to each other
by ζ 7→ ζ + 12 . It follows that η
′
c = ηc. Note that with the chosen normalizations of
the Fatou coordinates, the imaginary parts of ηc and η
′
c (which are the asymptotic
vertical translation constants of the lifted horn maps) become well-defined real
numbers. We will study the asymptotic behavior of ηc as c tends to the ends of the
parabolic arc C.
Lemma 2.6. ℑ(ηc)→ +∞ as c tends to the ends of the parabolic arc C.
Proof. It follows from the symmetry of the two lifted horn maps that the two horn
maps h+c and h
−
c which are defined respectively in neighborhoods of 0 and of∞ are
conjugated by w 7→ −1/w, and they asymptotically look like w 7→ exp(2piiηc)w and
w 7→ exp(2piiηc)w respectively. Clearly, (h+c )
′(0) = exp(2piiηc) and (h
−
c )
′(∞) =
exp(−2piiηc). By [BE02, Proposition 1], exp(−4piℑ(ηc)) = (h+c )
′(0)(h−c )
′(∞) =
exp(4pi2(1− ιc)), where ιc is the holomorphic fixed-point index of f◦2kc at the par-
abolic fixed point zc. Towards the ends of a parabolic arc, the fixed-point index
ιc at the characteristic parabolic point tends to +∞ in R [HS14, Proposition 3.7].
Hence, ℑ(ηc)→ +∞ towards the ends of a parabolic arc. 
3. Wiggling of Parameter Rays
The goal of this section is to prove Theorem 1.1. We begin with a couple of
definitions.
Definition (Accumulation Set of a Ray). The accumulation set of a parameter ray
Rdθ of M
∗
d is defined as LM∗d(θ) := R
d
θ
⋂
M∗d.
Definition (Rational Lamination). The rational lamination of an antiholomorphic
polynomial fc (with connected Julia set) is defined as an equivalence relation on
Q/Z such that θ1 ∼ θ2 if and only if the dynamical rays Rc(θ1) and Rc(θ2) land at
the same point of J(fc). It is denoted by RL(fc).
Lemma 3.1. The parameter rays {Rdt : t = 0,
1
d+1 ,
2
d+1 , · · · ,
d
d+1} of M
∗
d land.
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Proof. Let, ω = exp( 2pii
d+1). The antiholomorphic polynomials fc and fωc are con-
formally conjugate via the linear map z 7→ ωz. It follows thatM∗d has a (d+1)-fold
rotational symmetry, and fc ∼ fωc ∼ fω2c ∼ · · · ∼ fωdc. Also, K(fωjc) = ω
jK(fc),
and J(fωjc) = ω
jJ(fc). The Bo¨ttcher maps are related by ω
jφc(z) = φωjc(ω
jz).
This reads, in terms of external rays, as ωjRc(θ) = Rωjc
(
θ + j
d+1
)
.
The map Φ : C\M∗d → C\D, defined by c 7→ φc(c) (where φc is the Bo¨ttcher co-
ordinate near∞) is a real-analytic diffeomorphism. This map defines the parameter
rays of the multicorns. It follows that Φ(ωjc) = ωjΦ(c).
Now,
Rd0 = {c ∈ C : Φ(c) = r, r > 1}
= {c ∈ C :
1
ωj
Φ(ωjc) = r, r > 1}
= {c ∈ C : Φ(ωjc) = r exp
(
2piij
d+ 1
)
, r > 1}
= {c ∈ C : ωjc ∈ Rd j
d+1
}
=
1
ωj
Rd j
d+1
.
Hence, ωjRd0 = R
d
j
d+1
. Since Rd0 is a subset of R, it lands. It follows that R
d
j
d+1
,
being the image of Rd0 under a rotation, must land as well. 
Having taken care of the parameter rays at fixed angles, we now turn our at-
tention to the parameter rays that accumulate on the boundaries of hyperbolic
components of odd period greater than 1. The proof of Theorem 1.1 is carried out
in various steps. Let us sketch the key ideas of the proof to stop the readers from
getting lost in the technicalities. We will stick to the terminologies of Section 2.
Let t ∈ S ∪ S′, and C be the parabolic arc where the parameter ray Rdt ac-
cumulates. For every parameter on C, the dynamical ray at angle t lands at the
characteristic parabolic point through the unique repelling petal. We first show
that if for some c ∈ C, the dynamical ray Rc(t) projects to a horizontal line under
the repelling Fatou coordinate, then the rational lamination of fc must be invariant
under a certain affine transformation. This is achieved by considering a pair of
dynamically meaningful involutions in the repelling petal. A simple combinatorial
exercise then shows that such invariant laminations can never exist when the period
of H is greater than 1. This proves that for every parameter on C, the projection of
the dynamical ray Rc(t) under the repelling Fatou coordinate must traverse a non-
degenerate interval of Ecalle heights. The final part of the proof involves a careful
parabolic perturbation argument which allows us to transfer the variation of Ecalle
heights of the dynamical rays at angle t to the wiggling of the corresponding ray in
the parameter plane.
We denote the repelling Fatou coordinate at the characteristic parabolic point
of fc by ψrep : Prep → HLeft, and the Bo¨ttcher coordinate by φc : A∞(fc)→ Cˆ \D.
Lemma 3.2 (Invariance of Lamination). Let c ∈ C, where C is a parabolic arc on
the boundary of H. Suppose that the dynamical ray Rc(t) projects to a horizontal
line under the repelling Fatou coordinate. Then the rational lamination RL (fc) is
invariant under the transformation s 7→ 2t− s.
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Remark. The projection of the basin of infinity onto the repelling Ecalle cylinder is a
conformal annulus bounded by fractal structures (the Julia set and the decorations
thereof) from above and below, and the projection of the dynamical ray is the
unique simple closed geodesic (the core curve) of this conformal annulus. The core
curve is a round circle if and only if the annulus is symmetric with respect to this
round circle, and heuristically speaking, this is an extremely unlikely situation for
a polynomial. This lemma essentially tells that such a miracle could happen only
if the polynomial had some strong global symmetry.
Figure 3. Top: The reflections with respect to the straight line
L (respectively the radial line at angle t) defined in the left-half
plane (respectively in the exterior of the closed unit disk). Bottom:
These reflections transported to the dynamical plane via the Fa-
tou (respectively the Bo¨ttcher) coordinates agree on their common
domain of definitions, namely on Prep ∩ A∞(fc).
Proof. Let L be the horizontal line which is the image of the dynamical ray Rc(t)
under the repelling Fatou coordinate. We denote the reflection in HLeft with respect
to L as ι1. This gives a local antiholomorphic diffeomorphism
(
ψ−1rep ◦ ι1 ◦ ψrep
)
in
the domain of definition of the repelling Fatou coordinate. On the other hand, con-
sider the reflection in the Bo¨ttcher coordinate with respect to the radial line at angle
t (denoted by ι2). This gives an antiholomorphic diffeomorphism
(
φ−1c ◦ ι2 ◦ φc
)
in
the basin of infinity A∞(fc), preserving Rc(t), and mapping a dynamical ray Rc(s)
NON-LANDING RAYS 13
to Rc(2t − s) (see Figure 3). We will first show that these two diffeomorphisms
agree on Prep ∩ A∞(fc).
Let ψrep ◦ φ−1c be defined on a domain D which we can assume to be symmetric
with respect to the radial line at angle t (under the map ι2). Since ψrep ◦φ−1c maps
the radial line at angle t to a horizontal line in the left half-plane, the Schwarz
reflection principle implies that ψrep ◦ φ−1c (w) = ι1 ◦ ψrep ◦ φ
−1
c ◦ ι2(w) ∀ w ∈ D.
This implies that φ−1c ◦ ι2 ◦ φc = ψ
−1
rep ◦ ι1 ◦ ψrep on Prep ∩ A∞(fc). Hence, the
local antiholomorphic diffeomorphism
(
ψ−1rep ◦ ι1 ◦ ψrep
)
in the repelling petal maps
a co-landing ray pair to another co-landing ray pair. It follows that for rational
angles s1 and s2, if Rc(t + s1) and Rc(t + s2) land at the same point close to the
characteristic parabolic point, then so do Rc(t − s1) and Rc(t − s2). This proves
the local invariance of the rational lamination under the map s 7→ 2t− s.
We now spread this local invariance to the entire rational lamination. Let
the rational dynamical rays Rc(s1) and Rc(s2) co-land. By the density of iter-
ated pre-images in the Julia set, there exists a co-landing rational ray pair Rc(s
′
1)
and Rc(s
′
2) such that their common landing point lies in Prep, and (−d)
2mks′1 =
s1, (−d)2mks′2 = s2, for some m ∈ N. By the local invariance, Rc(2t − s
′
1)
and Rc(2t − s′2) co-land. By continuity, f
◦2mk
c (Rc(2t− s
′
1)) = Rc(2t − s1), and
f◦2mkc (Rc(2t− s
′
2)) = Rc(2t− s2) co-land as well. This completes the proof of the
lemma. 
The proof of the above lemma does not use any fact specific to antiholomorphic
dynamics, and hence, the conclusion of the lemma holds for any polynomial of
degree d ≥ 2 with connected Julia set. In general, one does not expect the rational
lamination of a polynomial to be invariant under such an affine transformation.
This can be easily seen in our case, which is the content of the following:
Lemma 3.3 (No Invariant Lamination). Let c ∈ C ⊂ ∂H. Then the rational
lamination RL (fc) cannot be invariant under the transformation s 7→ 2t− s.
Proof. We will assume that the rational lamination RL (fc) is invariant under the
given transformation, and arrive at a contradiction.
Case 1. t ∈ S′
Without loss of generality, we assume that t = α1. In the dynamical plane of c,
Rc(α1) and Rc(α2) land at a common point (namely, at the characteristic parabolic
point). By the invariance, the dynamical rays at angles α1 and 2α1−α2 must land
at a common point as well. This is clearly impossible since exactly two rays land
at the characteristic parabolic point.
Case 2. t ∈ S, 2t 6= α1 + α2
Note that in the dynamical plane of fc, the dynamical rays Rc(α1) and Rc(α2)
land at a common point. By the invariance, the dynamical rays at angles 2t−α1 and
2t−α2 must land at a common point as well. By our assumption, the rays Rc(2t−
α1) and Rc(2t−α2) lie in different connected components of C\
(
Rc(α1)
⋃
Rc(α2)
)
.
This forces four different rays Rc(α1), Rc(α2), Rc(2t−α1), and Rc(2t−α2) to land
at a common point (we have used the fact that 0 < α1 < t < α2, and α2−α1 < 1/2),
which contradicts [Muk15, Theorem 2.6].
Case 3. t ∈ S, 2t = α1 + α2
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Figure 4. Left: Parameter rays accumulating on the boundary
of a hyperbolic component of period 5 of the tricorn. Right: The
corresponding dynamical rays landing on the boundary of the char-
acteristic Fatou component in the dynamical plane of a parameter
on the boundary of the same hyperbolic component.
We have to work a little harder in this case. Note that for any i ∈ {0, 1, · · · , d}, the
parameter ray Rd i
d+1
lands on the parabolic arc Ci on the boundary of the period
1 hyperbolic component. Define the wake Wi to be the connected component of
C \ {Rd i
d+1
∪Rdi+1
d+1
∪ Ci ∪ Ci+1} not containing 0. Then each parameter in Wi has a
repelling periodic orbit admitting the orbit portrait Pi = {{
i
d+1 ,
i+1
d+1}} such that
the dynamical rays at angles i
d+1 and
i+1
d+1 together with their common landing
point separate the critical value from the critical point.
It is easy to see thatH must be contained in someWj . In particular, Rc(
j
d+1) and
Rc(
j+1
d+1) land at the same point (and no other ray lands there), and
j
d+1 < t <
j+1
d+1 .
By the invariance property, the rays Rc(2t −
j
d+1) and Rc(2t−
j+1
d+1 ) must land at
the same point as well. By arguing as in Case 2, we can conclude that t = 2j+12(d+1) .
Since t is a periodic angle under multiplication by −d, it follows that d must be odd.
A simple computation now shows that (−d)2t = t, which contradicts the fact that
the period of t is an odd integer k 6= 1. This completes the proof of the lemma. 
Remark. Case 3 of the previous lemma never occurs for the tricorn. For any hy-
perbolic component H of odd period k(6= 1) of the tricorn, we have S = {θ1, θ2},
S′ = {α1, α2}, where
(
1 + 2k
)
· (θ1 − α1) = (α2 − α1) =
(
1 + 2k
)
· (α2 − θ2) (Com-
pare [MNS14, Corollary 5.16] and Figure 4).
Proof of Theorem 1.1. Let Rdt accumulates on C ⊂ ∂H .
Case 1. t ∈ S.
Let c0 be the parameter on C whose critical value has (incoming) Ecalle height
0. Note that C must be a co-root arc of H . By Lemma 3.2 and Lemma 3.3,
the projection of the dynamical ray Rc0(t) under the repelling Fatou coordinate
must traverse a non-degenerate interval of (outgoing) Ecalle heights. Since this
dynamical ray is fixed by the first antiholomorphic return map, the interval of
(outgoing) Ecalle heights traversed by it must be of the form [−h, h] for some
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h > 0. Since the rays Rc(t) depend uniformly continuously on the parameter c,
and since the projection into Ecalle cylinders is also continuous, we can choose a
small neighborhood U of c0 such that for all c ∈ U \H , the projection of the rays
Rc(t) into the Ecalle cylinders traverse (outgoing) heights at least [−h+ ε, h− ε]
(Note that in the outgoing cylinder of c0, Rc0(t) traverses Ecalle heights [−h, h]).
To transfer the variation of Ecalle height of Rc(t) to wiggling of the parameter ray
Rdt , we employ [HS14, Proposition 4.8].
Let ch′ ∈ C be the parameter on C whose critical value has (incoming) Ecalle
height h′. We pick a ch′ ∈ U with h′ ∈ [−h+ 2ε, h− 2ε], and choose any smooth
path γ : [0, δ] → U with γ(0) = ch′ but so that, except for γ(0), the path avoids
closures of hyperbolic components of period k, and so that the path is transverse
to C at ch′ .
For s ∈ [0, δ], let z(s) be the critical value. For s > 0, the critical orbit “transits”
from the incoming Ecalle cylinder to the outgoing cylinder; as s ↓ 0, the image of the
critical orbit in the outgoing Ecalle cylinder has (outgoing) Ecalle height tending
to h′ ∈ [−h+ 2ε, h− 2ε], while the phase tends to infinity. Therefore, there is
s ∈ (0, δε) arbitrarily close to 0 at which the critical value, projected into the
incoming cylinder, and sent by the transfer map to the outgoing cylinder, lands on
the projection of the ray Rγ(s)(t). But in the dynamics of fγ(s), this means that
the critical value is on the dynamical ray Rγ(s)(t), so γ(s) is on the parameter ray
Rdt .
Hence, any smooth path starting at ch′ ∈ C ∩ U (with h′ ∈ [−h+ 2ε, h− 2ε]),
and living inside U \H thereafter, intersects the parameter ray Rdt infinitely often.
This proves that Rdt cannot land.
Case 2. t ∈ S′.
Let ch ∈ C be the parameter on C whose critical value has (incoming) Ecalle
height h, and the interval of (outgoing) Ecalle heights traversed by Rch(t) be [lt(ch),
ut(ch)]. By Lemma 3.2 and Lemma 3.3, ut(ch) > lt(ch) for every parameter ch. If
we knew that there is a parameter ch ∈ C with h ∈ (lt(ch), ut(ch)) (observe that
this was automatic in Case 1), then the proof of the wiggling of the parameter ray
Rdt would proceed exactly as in the previous case. Hence, it suffices to prove the
existence of such a parameter ch.
Consider parameters ch ∈ C with h sufficiently close to +∞ such that ch is a point
of a period doubling bifurcation. Perturbing this parameter outside H , we again
obtain the ‘open gate’ situation, and for such a perturbed parameter, the critical
value belongs to a period 2k Fatou component which lies above the corresponding
dynamical ray at angle t. Hence, the critical value exits through the gate staying in
the period 2k Fatou component all along, and its Ecalle height (here, we do not need
to distinguish between incoming and outgoing heights as the height is preserved in
the process of transiting through the gate) is necessarily greater than the minimum
Ecalle height of the dynamical t-ray. Since Fatou coordinates vary continuously
under perturbation, this shows that h ≥ lt(ch) for parameters ch with h sufficiently
close to +∞. Analogously, for parameters ch ∈ C with h sufficiently close to −∞,
h ≤ ut(ch). Once again, these two inequalities together with the fact that the
(incoming) Ecalle height of the critical value as well as the interval of (outgoing)
Ecalle heights traversed by the dynamical ray at angle t depend continuously on h
imply that there is some parameter ch on C for which h ∈ (lt(ch), ut(ch)).
This completes the proof of the theorem. 
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4. A Combinatorial Classification
In this section, we will give an algorithm to find whether a rational parameter ray
Rdt lands or oscillates based only on the combinatorics of t. The following lemma
will be useful for this purpose.
Recall that a finite collection P = {A1,A2, · · · ,Ak} of subsets of Q/Z satisfying
the five properties of [Muk15, Theorem 2.6] is called a formal orbit portrait.
Lemma 4.1. Let t ∈ Q/Z has period 2k under multiplication by −d, where k
is an odd integer. Consider the collection of finite subsets of Q/Z given by
P = {A1,A2, · · · ,Ak}, where A1 = {t, (−d)kt}, and Ai+1 = (−d)Ai, i (mod k).
Then the parameter ray Rdt accumulates on the parabolic root arc of a hyperbolic
component of period k if and only if P satisfies the properties of a formal orbit
portrait with characteristic angles t and (−d)kt.
Proof. If Rdt accumulates on a sub-arc of the parabolic root arc of an odd period
hyperbolic component, then the period of the hyperbolic component must be k,
and the dynamical rays Rc˜(t) and Rc˜((−d)
kt) co-land at the dynamical root of the
characteristic Fatou component of the center c˜ of H . In fact, these are the only
rays landing there. It is easy to see that t and (−d)kt generate the orbit portrait
P , and they are also the characteristic angles of the orbit portrait.
The proof of the converse is similar to [MNS14, Lemma 5.6]. For completeness,
we work out the details here. Without loss of generality, we can assume that the
characteristic arc of P is
(
t, (−d)kt
)
. Note that any accumulation point of a pa-
rameter ray at a 2k-periodic angle is either a parabolic parameter of odd period k
or a parabolic parameter of even period r with r|2k such that the corresponding
dynamical ray of period 2k lands at the characteristic parabolic point in the dy-
namical plane of that parameter. Thus the set of accumulation points of Rdθ , for
θ ∈ A1∪· · ·∪Ak, is contained in F = (The union of the closures of the finitely many
root arcs of period k)
⋃
(The finitely many parabolic parameters of even period, and
of ray period 2k).
Consider the connected components Ui of C \
( ⋃
θ∈A1∪···∪Ak
Rdθ ∪ F
)
. There are
only finitely many components Ui, and they are open. Then for every parameter
c ∈ Ui, the co-landing patterns of the dynamical rays Rc(t) with t ∈ A1 ∪ · · · ∪ Ak
remain the same [MNS14, Lemma 2.4].
Let U1 be the component which contains all parameters c outside M∗d with
external angle t(c) ∈
(
t, (−d)kt
)
(there is such a component as (t, (−d)kt) does
not contain any other angle of P). U1 must have the two parameter rays Rdt and
Rd(−d)kt on its boundary. By the proof of [Muk15, Theorem 3.1], each c ∈ U1 \M
∗
d
has a repelling periodic orbit admitting the portrait P . If the two parameter rays
at angles t and (−d)kt do not land at a common point or accumulate on a common
root arc, then U1 would contain parameters c outside M∗d with t(c) /∈
(
t, (−d)kt
)
.
It follows from the remark at the end of [Muk15, §3] that such a parameter can
never admit the orbit portrait P , which contradicts the stability of the co-landing
patterns of the dynamical rays Rc(t) (with t ∈ A1∪· · ·∪Ak) throughout Ui. Hence,
the parameter rays Rdt and R
d
(−d)kt must land at a common even period parabolic
parameter of ray period 2k or accumulate on a common root arc of period k ofM∗d.
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But it is easy to see that if Rdt and R
d
(−d)kt co-land at a parabolic parameter, then
the period of its parabolic orbit must be odd, ruling out the first possibility. 
Theorem 4.2 (Combinatorial Classification). Let t ∈ Q/Z.
1) If the period of t under multiplication by −d is 4k for some k ∈ N, then Rdt
lands at a parabolic parameter on the boundary of a hyperbolic component of period
4k.
2) If the period of t under multiplication by −d is an odd integer k, then it lands
if k = 1, and accumulates on a sub-arc (of positive length) of a parabolic co-root
arc on the boundary of a hyperbolic component of period k otherwise.
3) If the period of t under multiplication by −d is 2k for some odd integer k,
then it accumulates on a sub-arc (of positive length) of the parabolic root arc of a
hyperbolic component of period k if and only if the collection of finite subsets of Q/Z
given by P = {A1,A2, · · · ,Ak}, where A1 = {t, (−d)kt}, and Ai+1 = (−d)Ai, i
(mod k), satisfies the properties of a formal orbit portrait with characteristic angles
t and (−d)kt. Otherwise, it lands at a parabolic parameter on the boundary of a
hyperbolic component of period 2k.
4) If t is strictly pre-periodic under multiplication by −d, then Rdt lands at a
Misiurewicz parameter.
Proof. 1) See [MNS14, Lemma 7.2].
2) By [MNS14, Corollary 5.14], every rational parameter ray at an angle t of odd
period k lands/accumulates on a sub-arc of a parabolic co-root arc of period k. By
Theorem 1.1, only the rays at fixed angles land at a single point of a parabolic arc,
so the others must accumulate on a sub-arc of positive length.
3) This directly follows from [MNS14, Lemma 7.2], Lemma 4.1, and Theorem
1.1.
4) Arguing as in [Sch00, Theorem 1.1 (3)], one sees that for any limit point c of
Rdt , the critical value c is pre-periodic under fc with fixed period and pre-period.
This implies that all the critical points are strictly pre-periodic (with fixed pre-
periods and periods) for the holomorphic polynomial f◦2c . Since the accumulation
set of a parameter ray is connected, it now suffices to prove that there are only
finitely many parameters with these algebraic data.
In fact, it is not hard to see that there are only finitely many pairs of complex
numbers (a, b) such that the polynomial (zd + a)d + b has strictly pre-periodic
critical points with fixed pre-periods and periods. The conditions on the critical
points determine a pair of distinct algebraic curves in C2, and their intersection is
contained in the connectedness locus of the family of polynomials of degree d2 (recall
that the Julia set of a polynomial is connected if and only if all the critical orbits
are bounded). Since the connectedness locus is compact [BH88], it follows from
Be´zout’s theorem that the two algebraic curves under consideration must intersect
at a finite set of points. This shows that there are only finitely many Misiurewicz
parameters with fixed period and pre-period in the space of degree d unicritical
antiholomorphic polynomials. 
5. Undecorated Arcs on The Boundaries of The Multicorns
Recall that every parabolic arc has, at both ends, an interval of positive length
at which a bifurcation from a hyperbolic component of odd period k to a hyper-
bolic component of period 2k occurs. The decorations attached to these period 2k
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components accumulate on sub-arcs of positive length of the parabolic arc [HS14,
Theorem 7.3]. In this section, we will prove that for the parabolic arcs of period 1,
the accumulation sets of these decorations do not overlap; they stay at a positive
distance away from the Ecalle height 0 parameters.
Proof of Theorem 1.2. Every multicorn M∗d contains a parabolic arc C of period 1
intersecting the positive real axis at a unique (non-cusp) parameter cd = d
d
1−d (d−1).
Note that fcd has a unique parabolic fixed point d
1
1−d on the real line. Due to the
rotational symmetries of the multicorns, it suffices to prove the result for this arc.
In the dynamical plane of fcd = z
d + cd, the parabolic fixed point has a unique
access through the unique repelling petal, and the critical value cd has incoming
Ecalle height 0 (in fact, the incoming and outgoing equators are both contained in
the real line, and so is the critical value). The projection of the Julia set in the
repelling cylinder is a pair of disjoint simple closed curves (the Julia set in this case
is simply the boundary of the immediate basin of attraction of the parabolic fixed
point), and together they bound a cylinder C of finite modulus. This finite modulus
cylinder C is the projection of the basin of infinity in the repelling Ecalle cylinder.
We will first show that the cylinder C contains a round cylinder containing the
equator.
We choose the repelling Fatou coordinate at the parabolic fixed point so that the
equator is mapped to the real line. Since fcd commutes with complex conjugation,
our Fatou coordinates also have the same property. This implies that the upper
and the lower components (disjoint simple closed curves) of the projection of the
Julia set in the repelling Ecalle cylinder are symmetric with respect to the real line.
It follows that both these curves stay at a bounded distance away from the real
line; in other words, the projection of the basin of infinity in the repelling Ecalle
cylinder contains a round cylinder S1 × [−ε, ε] for some ε > 0. Alternatively, it is
easy to see that the dynamical ray Rcd(0) (and its image under the repelling Fatou
coordinate) is contained in the real line, and hence coincides with the equator in
the repelling petal. This shows that the equator is contained in the basin of infinity.
Hence, the projection of the basin of infinity in the repelling Ecalle cylinder contains
a horizontal round circle, and thus also contains a round cylinder S1 × [−ε, ε] for
some ε > 0 (compare Figure 5).
The final step is to transfer this round cylinder to an undecorated sub-arc in
the parameter plane. It is known that the basin of infinity can not get too small
when cd is perturbed a little bit (compare [Dou94, Theorem 5.1(a)]). Since the
critical value and the Fatou coordinates depend continuously on the parameter, we
can choose a small neighborhood U of cd such that for all c ∈ U \ H , the round
cylinder S1 × [−ε/2, ε/2] is contained in projection of the basin of infinity into the
repelling Ecalle cylinder (note that in the outgoing cylinder of cd, the round cylinder
S1 × [−ε, ε] is contained in the projection of the basin of infinity), and such that
the critical value of fc has incoming Ecalle height in [−ε/4, ε/4].
We claim that U \ H is contained in the exterior of the multicorns. Indeed,
let c ∈ U \ H. In the dynamical plane of fc, the critical orbit of fc “transits”
from the incoming Ecalle cylinder to the outgoing cylinder, and the Ecalle height
is preserved in the process. By our construction, this would provide with a point of
the critical orbit with outgoing Ecalle height in [−ε/4, ε/4] in the repelling Ecalle
cylinder. But since c ∈ U \H , any point in the repelling cylinder with (outgoing)
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Figure 5. Left: A fundamental domain for the parabolic dynam-
ics of z2 + 1/4 (drawn in red), and the dynamical ray at angle
0 (drawn in blue) . Right: The corresponding repelling Ecalle
cylinder, where the central blue curve is the projection of the dy-
namical ray at angle 0. The projection of the basin of infinity to
this repelling Ecalle cylinder contains a round annulus.
Ecalle height in [−ε/2, ε/2] is contained in the projection of the basin of infinity.
Therefore, the critical orbit is contained in the basin of infinity; i.e. c /∈M∗d.
This implies that U ∩ M∗d ⊂ H . Hence, C contains a sub-arc containing the
Ecalle height 0 parameter, no point of which is a limit point of further decorations;
i.e. C has an undecorated sub-arc. 
Remark. a) One can prove the following slightly stronger statement for the tricorn:
the parabolic arcs of period 1 and 3 contain undecorated sub-arcs. Indeed, in the
dynamical plane of a parameter on a parabolic arc of odd period k, the projection
of the basin of infinity into the repelling Ecalle cylinder is either an annulus of
modulus pi2k ln 2 or two disjoint annuli, each of modulus
pi
2k ln 2 (depending on whether
the parameter is on a co-root or root arc). For k = 1 and 3, this modulus is greater
than 1/2; i.e. the corresponding annuli are not too thin. It is well-known (see
[BDH04, Theorem I], for instance) that such a conformal annulus contains a round
annulus centered at the origin. In other words, there is an interval I of outgoing
Ecalle heights such that in the repelling Ecalle cylinder, the round cylinder S1×I is
contained in the projection of the basin of infinity. One can now prove the existence
of undecorated sub-arcs by using the same technique as in Theorem 1.2.
b) Numerical experiments show that away from the real line, the parabolic arcs
of sufficiently high periods of the multicorns do not contain undecorated sub-arcs,
rather the accumulation sets of the decorations attached to the two bifurcating
hyperbolic components at the ends of such an arc overlap. This overlapping phe-
nomenon would automatically make the corresponding parameter rays wiggle on
such arcs. However, we do not know how to prove this statement.
We finish with a couple of interesting consequences of the previous theorem.
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Corollary 5.1. The centers of the hyperbolic components ofM∗d do not accumulate
on the entire boundary of M∗d. The Misiurewicz parameters are not dense on the
boundary of M∗d.
In the last corollary, we show that there are no bifurcations near the Ecalle height
0 parameters of the parabolic arcs. This was first proved in [HS14, Theorem 7.1],
the present proof is somewhat simpler, and almost readily follows from the previous
results.
Corollary 5.2 (No Bifurcation near Ecalle Height Zero). On every parabolic arc
of period k, the point with Ecalle height zero has a neighborhood (along the arc)
that does not intersect the boundary of a hyperbolic component of period 2k.
Proof. For the parabolic arcs of period one, the statement readily follows from
Theorem 1.2. By the proof of Theorem 1.1, the Ecalle height 0 parameter on any
co-root arc has an open neighborhood (along the arc) which lies in the accumulation
set of a parameter ray; hence this neighborhood does not intersect the bifurcating
period 2k components.
To finish the proof, assume that C is a root arc. Let α1 and α2 be the angles of
the parameter rays accumulating on C. In the dynamical plane of any c ∈ C, the
corresponding dynamical rays land at the characteristic parabolic point through
two different accesses in the repelling petal. These two accesses are separated by a
parabolic Hubbard tree, which is invariant under the first anti-holomorphic return
map. Clearly, the tree either projects to the equator in the repelling cylinder or its
projection traverses an interval of Ecalle heights [−a, a] for some a > 0. We can,
without loss of generality, assume that the dynamical α1 (respectively α2)-ray lies
‘above’ (respectively ‘below’) the hubbard tree (more precisely, this means that the
image of the α1-ray under the repelling Fatou coordinate lies in the complementary
component of the image of the Hubbard tree containing an upper half plane). We
denote the interval of Ecalle heights traversed by Rc(α1) (respectively, Rc(α2))
by [l1(c), u1(c)] (respectively, [l2(c), u2(c)]). It now follows that u1(c) > 0, and
l2(c) < 0 ∀ c ∈ C. Arguing as in case 2 of Theorem 1.1, we can find a parameter
ch ∈ C (respectively ch′) with critical Ecalle height h > 0 (respectively h′ < 0) so
that h ∈ (l1(ch), u1(ch)) (respectively h′ ∈ (l2(ch′), u2(ch′)). This implies that ch
and ch′ are in the accumulation sets of the parameter rays at angles α1 and α2
respectively. Hence, the convex hull (along C) of the accumulation sets of these two
parameter rays contains the Ecalle height 0 parameter on C. This shows that the
accumulation sets of two parameter rays bound the Ecalle height 0 parameter on
every root arc away from the bifurcating period 2k components, and completes the
proof of the corollary. 
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